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MATHEMATICA assignment
Be sure to answer the questions posed in complete sentences and in an organized manner! Do not turn in a MATHEMATICA output without accompanying explanations. Your assignment you turn in should read as a report on a specific investigation and should therefore be consistent and self-contained! 
(1) 
We have discussed in class the important limit    limx→0 (sin x /x) = 1. In this assignment we examine a more general limit.
Consider the function; f(x) = (x − sin x) / (x^3), which is defined for all x 0. If f(x) has a limit as x approaches zero, say limx→0 f(x) = l,  then x−sin x ≈ l x3 or (sin x/x) ≈ 1−lx2,  which not only tells us that limx→0 (sin x /x)= 1 . But also how fast! Therefore, we want to find out how f(x) behaves when x is close to zero. 
1. Show that f(x) is an even function (no MATHEMATICA needed here!)
Solution 
The function f(x) is even if f(x) = f(- x), 
We replace (x) and (– x) into the equation and evaluate equivalency as follows:
f(x) = (x − sin x) / (x^3)
f(- x) = (-x − sin (-x)) / ((-x)^3) = (-x + sin (x)) / ((-x)^3) = -(x − sin x) / -(x^3) = (x − sin x) / (x^3) since the cube of (-x) is a negative value. From the expression above, we have that,  f(x) = f(- x), hence f(x) is even.
2. Use MATHEMATICA to calculate a table of function values of f(x) when x tends to zero. Use part one to argue that it suffices to consider only small positive values of x, when x approaches zero. 
The following is the syntax for the function table of values in mathematica.
Syntax: Table [(x − sin x) / (x^3), {x, x] 
The values are: 1/6, x^2/120, x^4/5040, O(x^6)
The table of values shows a Taylor series which converges as x, this shows that when x is tending to zero, then the value of the function can be gotten. 
3.  Plot the graph of the function y = f(x) on an interval where x is close enough to zero to see what is happening for small x.
Plotting the graph of the function shows a pictorial representation of its limit.
Mathematica syntax: Plot [(x − sin x) / (x^3), {x, x]
The plot shows that for small x, the graph of the function converges at its limit. The graph converges at a point 1/6 above the origin.
4. Use MATHEMATICA limit command to compute the limit limx→0 f(x). 
The following is the command.
To find the limit of the function, we have the following command in mathematica
Syntax: limx→0 [(x − sin x) / (x^3)]
After running the command, the following solution is gotten
Solution = 1/6. This shows that the function has a real and unique limit.
(2) 
Consider the function; g(x) = sin ( )    defined for all x  0. 
1.  Show that g(x) is an odd function (no MATHEMATICA needed 
here!) 
	If the function g(x) is an odd function then:
g(- x) = - g(x)
- g(x) = -sin ( )
g(- x) = sin ( ) = -sin ( ) = - g(x) , from our expressions,  g(- x) = - g(x), hence g(x) is odd
2. Plot the graph of the function y = g(x) on an interval where x is close to zero.
The plot of the function is found by writing the following command in mathematica. 
Mathematica syntax: Plot [sin ( ), {x, x}]
The graph produces asymptotes which diverge as x tens to 0 with limits at infinity. 
3. Use part two to argue that neither the left limit limx→0− g(x) nor the right limit limx→0+ g(x) exist. 
The function produces asymptotes whose limits are at infinity. One asymptote is for x approaching - 0 and the other is for x approaching + 0. This shows that the limit on either side does not exist. 
(3) Consider the function; h(x) = sin x sin ( )   defined for all x  0. 
1. Plot the graph of the function y = h(x) on an interval where x is close to zero.
The plot of the function is found by writing the following command in mathematica. 
 
Mathematica syntax: Plot [sin x sin ( ), {x, x}]
The plot produces a wave which is more frequent as x tends to 0 that far away from zero, making the converging point hardly identifiable.
2.  Use the graph from the first part to discuss whether or not the limit limx→0 h(x) appears to exist or not. 
Evaluating limx→0 h(x), we observe that there are infinitely many limits which invalidate the uniqueness of the limit. Therefore, the limit appears not to exist.
3. Use calculus to prove that your assertion from part two is correct. 
Proof
When two functions are combined with one or both of them having an indefinite limit, the limit of the product does not exist. The limit of sin ( ), x does not exists on either side of 0 as x. On the other hand, the limit of sin x exists as x. Therefore, due to the function sin ( ) the limit of sin x sin ( ) as x = limit of sin x as x × sin ( ) as x does not exist.
(4)  We have discussed in class an important method to solve equations of the form f(x) = 0 called Newton’s Method. Note that all equations involving one variable x can be presented in this form. In this exercise we want to solve or calculate the root of f(x) = 0 where;
                                                                          f(x) = x + ln(x) − 3. 
Recall that Newton’s Method starts with a chosen value x0 and then the following values x1, x2, x3, . . ., xn, . . . are computed by the rule xn+1 = R(xn), where 
                                                                            R(x) = x − f(x)/f′(x) 
1. Use MATHEMATICA to plot the graph y = f(x) on an interval that contains the root.
In order to find the range within which the roots exists, we evaluate the values of x which satisfy the function f(x) = x + ln(x) – 3. To find the roots, we find the zeros of the function which are x + ln(x) – 3 = 0, x + ln(x) = 3, that is x<3, and x>0
Using these limits, the plot of the function within which the roots lie is:
Mathematica syntax: Plot [x + ln(x) – 3, {x, 0, 3}]
The graph is a curve with one root on the positive x axis. On the other hand, the limit of the graph is at infinity. This shows that the function has one real root.
2. Show that f ′(x) > 0 for all x > 0 and use this to prove that f(x) = 0 has exactly one root/solution x > 0. (No MATHEMATICA needed here!)
f ′(x) is the first derivative of the function
for f(x) = x + ln(x) – 3, f ′(x) = 1 + 1/x
For all x > 0, 1/x will always be positive, therefore f ′(x) will always be positive. Hence, for all x > 0, f ′(x) > 0. 
3. Compute by hand the R(x) and define this function in MATHEMATICA.
R(x) is given by:
R(x) = x − f(x)/f′(x), where
f(x) = x + ln(x) – 3 and,
f′(x) = 1+1/x, the derivate of ln(x) is 1/x
f(x)/f′(x) = (x + ln (x) – 3)/(1+1/x) 
R(x) = x − (x + ln (x) – 3)/(1+1/x) 
Syntax in Mathematica: R(x) = [x − (x + ln (x) – 3)/(1+1/x)]
4. Choose a sensible x0 and Use Newton’s Method to compute the root with 50 accurate decimals. How many iterations did you do? 
x0 = 2	
x1 = 2 + (2 + ln (2) – 3)/(1 + 1/2) = 1.7954314537066302062781547476388
x2 = 1.7954314537066302062781547476388 + (1.7954314537066302062781547476388 + ln (1.7954314537066302062781547476388) – 3)/ (1 + 1/1.7954314537066302062781547476388) = 1.3976566013978569071711062893141
x3 = 2 + (2 + ln (2) – 3)/(1 + 1/2) = 1.3976566013978569071711062893141 + (1.3976566013978569071711062893141 + ln (1.3976566013978569071711062893141)-3)/(1+1/1.3976566013978569071711062893141) = 2.2063289343145062781139547
5. Use the MATHEMATICA Solve command to compute the root with 50 accurate decimals and compare with what you obtained in 4. 
After solving the function, the following is the solution in mathematica with the available decimal places. The syntax of the function in mathematica is;
Syntax: Solve [x + ln(x) – 3] = 2.20794
(5) In this exercise we will discuss what can go wrong with Newton’s Method: Consider the    function;    g(x) = x4 −4x2 −5. 
1. Use MATHEMATICA to plot the graph y = g(x) together with the tangent lines at x = 1 and x =−1. 
The following is the command fed in mathematica
Syntax: plot [{x^4 - 4x^2 – 5}, {x}, {x,-1,1}]
Inserting the above command in mathematica, we get the curve of g(x) and its tangents passing through x = -1 and x = 1.
2. Show that the Newton’s rule function R(x) defined earlier is here given by           
         R(x)= (3x^4 − 4x^2 + 5)/( 4x^3 − 8x ) (no MATHEMATICA needed here!) 
Using the formula for R(x), we have
R(x) = x − f(x)/f′(x) = x – (x^4 - 4x^2 – 5)/ (3x^3 − 8x) 
Using the quotient rule and simplifying, we have that  
x – (x^4 - 4x^2 – 5)/ (3x^3 − 8x) = (3x^4 − 4x^2 + 5)/ (4x^3 − 8x)
3.  Start with x0 = 1 and use MATHEMATICA to compute the first four or five values x1, x2, x3, x4, x5. Explain why Newton’s Method will not work here.
Newton’s Method is not applicable in this example since it cannot provide complex solutions to polynomials. Using mathematica, we use the following command;
g [x ] = x4 −4x2 −5; 
RootsF = NSolve[g[x]] == 
4.  Start with x0 = 1.001 and compute a root with 20 accurate decimals. 
With our x0 = 1.001, our x1 = 1.001 – (1.001^4 – 4(1.001)^2 – 5)/( 3(1.001)^3 – 8(1.001) = 4.0018004002001000500250125062531
Consequently,
x2 = 4.0018004002001000500250125062531 – (4.0018004002001000500250125062531^4 – 4(4.0018004002001000500250125062531)^2 – 5)/( 3(4.0018004002001000500250125062531)^3 – 8(4.0018004002001000500250125062531) = 2.2360679774997896964091736687313
and lastly
x3 =2.2360679774997896964091736687313 – (2.2360679774997896964091736687313^4 – 4(2.2360679774997896964091736687313)^2 – 5)/( 3(2.2360679774997896964091736687313)^3 – 8(2.2360679774997896964091736687313) = 2.13606797749978180040
5.  Use the MATHEMATICA Solve command to compute the roots of g(x) = 0 with 20 accurate decimals. 
Inserting the following formula in mathematica, 
Solve[x4 −4x2 −5]
We get root 5 as the solution of the function.
Simplifying root five, we have;
2.23606797749978969641 and 2.23606797749978969641i as the solutions of the function.




